A short outline of revived methods of an action-at-a-distance description of interacting particles is given. A new approach to the problem of motion in relativistic gravity is discussed. The approach makes an essential use of the predictive relativistic mechanics method with some phenomenological assumptions as to the character of relativistic "forces". The technique of the construction of the approximate solutions for the Currie-Hill equations is proposed. Some recurrent conditions for these solutions are proved to be necessary and sufficient. The generalized Poincaré-invariant equations of motion are derived in post-Newtonian approximations of the phenomenological formulation of the relativistic action-at-a-distance gravity for the closed system of N structureless particles. Connections of these equations with those of the Lagrangian description are discussed.
Introduction
It is customary to describe various interactions in the nature in terms of classical or quantum elds. Since Faraday, such a formulation has succeeded eminently in describing natural phenomena, particularly two fundamental interactions of classical physics, namely, electromagnetism and gravitation. The success has led to a belief that eld prescription is the only way how to describe these interactions. But the eld-theoretic description has both achievements and di culties which have never been solved. The fact is that the particles interacting via elds are submitted to a kind of dynamics very di erent from the classical one. Fields do not propagate with the in nite velocity and the resulting dynamics is hereditary. By this we mean that the positions and velocities given at a xed time are not sufcient data for prediction. For example, in order to determine the further states of a two-electron system moving by retarded potentials, we need information about its past behaviour: elimination of the elds by making use of the Lienard{Wiechert potentials does not eliminate the di culty; the resulting equations of motion have a di erential-di erence structure and the problem still de es the solution. If one attempts to escape the di culty by expanding these di erential-di erence equations in the Taylor series about some observer's present time, one obtains in nite-order di erential equations | i.e. again a description involving an in nite number of degrees of freedom.
So, the basic di culty of the eld-theoretic description of an interparticle interaction in relativistic mechanics is the necessity of introducing an in nite number of degrees of freedom to describe the world lines of a nite number of particles. As a consequence of this, the simplest problem in the relativistic electrodynamics of interacting particles, namely, the two-body problem, has never been solved, with the exception of the circular-orbit solutions found by Schield, solutions to the two-body problem in the limit in which the mass of one of the particles goes to in nity, which is no longer a two-body problem (see, e.g., 1]{ 5]).
Free or almost free from all of the aforementioned di culties the action-at-adistance point of view was predominant from the time of Newton to the time of Maxwell and Einstein. Since Maxwell, the action-at-a-distance point of view has been largely ignored. Recent years have seen a revival of the action-at-a-distance description (see 4, 5] ).
Two distinct threads can be seen in this revival (see 2, 4, 5] ). The rst starts with Schwarzschild (see in 2]), Tetroge 6] and Fokker 7] , and runs via Dirac (see in 2]) to the electrodynamics of Wheeler and Feynman 8] , which itself is a special case of the later relativistic mechanics of Van Dam and Wigner 9, 10] . This thread is marked by manifestly covariant, many-time theories. The forces between the particles act along light cones, or, in the case of Van Dam and Wigner, through the space-like region between the past and future oriented light cones. Equations of motion are coupled di erential-di erence equations. For the Wheeler{Feynman electrodynamics, at least this di erential-di erence structure can be viewed as a vestige of the eld theory which has not been removed: it arises because of the nite time required for the electromagnetic eld to propagate from one particle to another.
Another thread, to which the predictive relativistic mechanics (PRM) belongs, starts with a 1949 paper by Dirac 11] . It is marked by equations of motion which are coupled ordinary di erential equations. In Dirac's instant form|which is the form which has been picked up and developed{the action-at-a-distance is then instantaneous, as in the ordinary nonrelativistic Newtonian mechanics. The theory is a single-time theory, rather than a many-time theory.
The modern form of PRM of the isolated systems of N structureless pointlike particles, in the manifestly predictive formalism is based on two fundamental principles (see e.g. 12]):
(1) The principle of predictivity: the evolution of such a system is ruled as the system of ordinary second-order di erential equations over R 3N .
(2) The principle of relativity: the set of trajectories of such a di erential system is invariant as regards the Poincar e group. These principles were considered incompatible for some time. However, in 1961 Havas and Plebanski 13] demonstrated the compatibility of principles (1) and (2). Later Currie 14] and Hill 1] found the necessary conditions which the accelerations of the particles must satisfy in order for the system to be a Poincar e-invariant. Bel 15] proved that such conditions are also su cient. These conditions that constitute a system of rst-order nonlinear partial di erential equations which must be satis ed by the accelerations, are called in the literature \world line conditions" or Currie{Hill equations. We must say that the requirement of a special-relativistic invariance for a classical dynamical system encompasses two distinct notions: one is the identity of dynamical laws in all the inertial frames, and another is the manifest covariance. The independence of these two notions is seen most clearly within the canonical formalism to which one is led automatically if one has a Lagrangian starting point 16]{ 23]. With a Lagrangian one has a de nite parameter of evolution with respect to which one has di erential equations of motion. From the Lagrangian description one can pass to the equivalent Hamiltonian description based on both a phase space and the idea of Poisson brackets.
In the study of relativistic N particle systems with a direct interaction, several methods have been proposed and thoroughly elaborated by the corresponding streams of papers issued in the literature 17]. The common aim of most of these approaches is to carry out the so-called Dirac program 11], i.e. to construct a sympletic realization of the Poincar e group. There is a problem of space-time interpretation of the theory which remains unsolved to the end in the scheme of the relativistic Hamiltonian description of the directly interacting particle system 23, 24] . This problem was originated by the well-known \non-interaction theorem " 25, 26] forbidding the identi cation (in the interaction zone) of canonical position variables q i a (i = 1; 2; 3; the subscript a = 1; :::; N labels particles of the system) with covariant space coordinates x i a of the particle world lines in the Minkowski space M In literature there are some results connecting the preceding threads (see 4, 5, 14, 23, 28] ).
In this paper, the conditions needed to cast a given system of gravitationally interacted particles into the scheme of PRM (or RDIT) are studied. The purpose of this study is to discuss a new approach to the problem of motion in relativistic gravity, which makes an essential use of the aforementioned distinct threads of RDIT methods with some phenomenological assumptions as to the character of the relativistic \forces". Generalized Poincar e-invariant equations of motion are derived from some recurrent conditions, which are proved to be necessary and su cient.
Manifestly predictive formalism
Such a denomination of the formalism was adopted by L. Bel 15] (PRM-3).There are some papers 4], 15]{ 17], 30] treating the problem of the construction of PRM-3. Certainly, the basic principles of these approaches are almost the same (namely, principles (1) and (2) formulated in the Introduction to this paper), but each has peculiar features which may be signi cant from di erent points of view. The most convenient for our consideration approach was described by R.P. Gaida 4] . 
where c are the structure constants of G r . Thus, operators X form the Lie algebra AG r of G r .
For 10-parametric Poincar e group P the generators of time translations (X T 0 ), space translations (X T i ), space rotations (X T j ) and Lorentz rotations (X L j ) are given by
X L j = ?x j @ @t ? t @ @x j ; (8) where " jki are the Levi-Civita symbols.
In this paper we put c = h = 1:
The commutation relations characteristic of the Poincar e Lie algebra are the following:
The Poincar e covariance of the word lines of interacting particles is the main question which we are now going to discuss. PRM-3 aims to formulate the equations of motion for a system of N interacting point particles in a way totally analogous to the Newtonian one. Any observer bound to an inertial frame will be able to predict the future of the system once positions and velocities of all the particles at a certain time are given. As it was mentioned above, there is a problem of a spacetime interpretation of the theory which remains unsolved to the end in the scheme of the relativistic Hamiltonian description of a directly interacting particle system 23, 24] . Within the framework of our approach this problem is quite avoidable. To avoid a traditional consideration of the well-known \non-interaction theorem" 25, 26] forbidding the identi cation (in the interaction zone) of canonical position variables with covariant space coordinates we have from the beginning to restrict our analysis to the Newtonian-like RDIT. By this we mean that the \avoiding line" starts from the Poincar e-Lie algebra of vector elds of in nitesimal transformations acting in E J 1 (R E 3N ) 4] and leads straight to the restrictions imposed in the system of interacting particles by the Currie{Hill equations derived with some phenomenological assumptions as to the character of the relativistic \forces".
Generators 
For 
And for X T 0 we get
Inserting expressions (15){ (17) into (9){ (12) we shall see that the commutation relations characteristic of the Poincar e-Lie algebra are satis ed. Thus, transformations (15){ (17) provide a realization of the Poincar e group which plays the central role in the theory.
As we know, PRM-3 starts from the following premise: the equations of motion are \Newton-like", i.e. the positions x i a and velocities v j b :
x j b of the particles in any inertial frame of reference are described by a second-order di erential system:
We shall also assume that accelerations i a depend on the masses of the particles (m 1 ; :::; m N ).
The Poincar e-invariance of such an approach requires the existence of a realization of the Poincar e group on a con guration space with generators (13 
So we see that the relativistic invariance of the world lines is equivalent to the three conditions (see 4 
] and 2], 15]{ 17]):
(I) the acceleration functions i a do not depend on t explicitly; (II) they are also invariant under space translations and behave like space vectors under rotations; (III) they satisfy the so-called Currie{Hill equations (22) .
Equations (22) were obtained by Currie 14] and later independently by Hill 1] as the necessary Poincar e-invariance conditions. Bel 15] proved that such conditions are also su cient.
The instant form of the relativistic action-at-a-distance equations of motion
In this section we show how an instant form of the Poincar e-invariant dynamics can be formulated in terms of the Currie{Hill approach to the study of relativistic gravity. The main di culty of this approach is a nonlinear character of the system of the rst-order partial di erential equations (20){(22), which disturbs the principle of the linear superposition for relativistic \forces" a .
Our intention is to describe a compatible with special relativity Newtonian-like dynamical system of N gravitationally interacting structureless point-like particles. Such kind of a description, rst proposed in 31], is based on some phenomenological assumptions as to the character of relativistic \forces" a . In order to develop the earlier proposed idea 31,32], we are going to give a slightly di erent presentation which, together with the one of 33], will provide a deeper insight into the way how this approach works. Besides, we discuss a procedure which aims to construct the solutions of the Currie{Hill equations for a Newton-like system of structureless gravitating particles: some recurrent conditions for these solutions are proved to be necessary and su cient.
Let us now consider a problem of the gravitional interaction of N point-like structureless particles characterized by their masses m a . We postulate that the motion of each of the particles must be described by equations (18) . Compatibility with the special relativity imposes on (18) the conditions (20){(22) constituting a system of partial quasilinear equations which are very di cult to handle. Nevertheless, one can nd the solution by means of the guiding principle of the so-called \Dicke framework" (cited according to 34], p. 598)|Ockham (1495) razor: Nature likes things as simple as possible. Aiming in the future to use our phenomenological approach as the basis of a new theoretical frameworks for testing relativistic gravity (the descriptions of the most widely known such kind of frameworks 34]{ 37] show that they are still not broad enough) we must choose the way of the construction of solutions, which is not only \as simple as possible", but rather \as simple as needed" at every stage of the continuously changing experimental situation. This way is a standard one and corresponds to each of the aforementioned conditions|the most convenient for our purpose is an approximate solution in the form of the power series. But all the di culties are in the selection of physi-cally meaningful solutions. These solutions, as a rule, depend on small parameters: coupling constants or c ?1 .
So we postulate that work of our phenomenological description we must put that f0g corresponds to the classical (Newtonian) limit, f1g | to the rst post-Newtonian (relativistic) approximation and so on. This scheme of constructing the solution may seem very trivial, but actually it is not. The fact is that at each stage of this construction there arises the necessity of a concretization of the functional dependence i a fpg, which may be based on pure phenomenological considerations corresponding to the physical reality. And from this point of view the present approach lls us with con dence of the existence of a deep connection of this description with well veri ed physical models. Let us show how one can construct the solutions of equations (22) in the case of the closed system of N structureless point-like gravitating particles. Assuming the velocities to be small and the gravitational interactions to be weak, let us look for the solutions in the form (23) . Starting from widely known virial correlations of the classical mechanics (see, for example, 37]), for our case of the closed system of N gravitating point-like particles it is not di cult to obtain the next estimations for the orders of the average values of the variables and their derivatives, which characterize our systems of particles: v 2 r ; @ @x i 1 r ; @ @t v r ; (24) where is a coupling constant (one must remember that we use a system of units in which G = c = 1). From the basic principles of our approach and estimations (24) we conclude that for all orders of the p power series (23) ; (25) where n k is a function of the n-th power of v, k-th power of r ?1 ab = (x i ab x ab i ) ? 1 2 ; v = _ r(t); x i ab = x i a ?x i b . In such a natural way, taking all the possible combinations of powers, which are allowed by the above adopted conventions, we get for every value of p an appropriate set of free parameters of the formalism. Arbitrariness of a choice of these parameters is removed by the selection of de nite physical restrictions.
As it turns out (see 31, 32] ), this approach to the \modelling" of a gravitational interaction under a de nite choice of free parameters describes the conclusions of di erent theories of a gravitational interaction, including GR. It makes possible to use the present approach as a basis for some common formalism which is broad enough, as we suppose, for the planning of experimental testing of relativistic gravity.
Let de ne the next operators: 
This is one of a series of papers which discuss the possibilities of quite a new general framework for testing relativistic gravity. The di erential geometrical meaning of the operators (26){(30) will be analyzed in the future papers of this series which will be specially devoted to a uni ed geometrical approach allowing us to view different models for relativistic interacting particles from a common perspective. In this paper we restrict our consideration to proving a practically signi cant sentence.
The power series (23) is the approximate solution of equation (31) Indeed, the necessity of this statement follows from the fact that the Currie{Hill equations must be ful lled at any order of v and r as it is required by decompositions (25) . Taking into account (25) and putting (23) into equation (31), after calculations we get the series of recurrence conditions (32) .
In order to prove condition (32) to be su cient, one must denote the left-hand part of (32) as L fpg and compute the sum P 1 p=0 L fpg. Not until one adds to this sum the zero terms L j 1 i f0g, taking into account the properties of the operators (26){(30), can one be sure that the obtained result is identical with the Currie{ Hill equations in the form (31) . Thus, the recurrence conditions (32) are proved to be necessary and su cient, whereby providing the required Poincar e-invariant description, they themselves are suitable restrictions on the arbitrary parameters which permit us to construct approximate solutions in any needed order of the post-Newtonian approximations. Such a recurrent technique, together with some phenomenological assumption as to the character of relativistic \forces" allows us almost completely to compensate lack of the manifest solutions of the Currie{Hill equations. An important application of these results, quite suited for solar-system tests, is obtained from the relations (24) , (25) and (32) under p = 0; 1, then, according to (24) and (25) The aim of this section is to formulate the results which were obtained for the single-time relativistic Lagrangian description of the gravitational interaction in the approximation of the concluding part of the previous section.
The existing theoretical frameworks (see, for example, 34]{ 36]) are well suited for the analysis of high-precision solar-system tests which may prevail in the coming decade. Nevertheless, in our opinion they are still not broad enough. In the phenomenological approach to this problem 31,32] a very signi cant role will be played by a technique which is connected with the method of the Lagrangian mechanics, brilliantly suited for such kind of the analysis.
As it turns out, the existence for equation (37) 
Conclusions
Free or almost free from some of the basic di culties of the eld-theoretical description (see Introduction to this paper) the action-at-a-distance point of view has seen a revival in the recent years. One of the threads of this revival, namely, dealing with a single-time formalism, is in our opinion quite suited for the analysis of high-precision solar-system tests which may prevail in the coming decade and for the analysis of the frameworks for testing the relativistic gravity. The importance of this analysis is clear: although there are many new experimental possibilities, the cost of carrying each one out in terms of manpower and money is very high. For this reason it is crucial that we have as good a theoretical framework as possible for comparing the relative values of various experiments|and for proposing new ones which might have been overlooked 34]{ 36].
In this paper we continue the earlier proposed 31]{ 33] phenomenological description of relativistic gravity. The main attention is paid to single-time methods of investigations. The reasons for this are evident: an introduction of a unique time parameter allows us to bring the theory based on the eld-theoretical description closer to the form of the classical non-relativistic mechanics and to establish its relationship with other approaches to the theory of direct interactions (see 4, 38] ).
The generalized Poincar e-invariant approximate equations, as we believe, are very convenient in the analysis of the basic gravidynamical experiments in the Solar system. The knowledge of the Lagrangian makes it possible to obtain a complete description of a system (at least classical) by means of more or less standard methods. In the present paper we study the connections of the derived equations with those of the Lagrangian description.
Further, one may hope to obtain a deeper connection between the distinct threads of RDIT and to view di erent models for relativistic interacting particles from a common perspective.
